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Abstract 

We prove an asymptotic formula conjectured by Manin for the 
number of ET-rational points of bounded height with respect to the 
anticanonical line bundle for arbitrary smooth projective toric vari- 
eties over a number field K. 
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Introduction 

Let X be a projective algebraic variety defined over a number field K, 
X(K) the set of .ff-rational points of X. We are interested in relations 
between the geometry of X and diophantine properties of X(K) in the sit- 
uation when X(K) is infinite. The main object of our study is the height 
function on X{K) with respect to a metrized line bundle C. A metrized 
line bundle is a pair C = (L, \\ ■ \\ v ), consisting of a line bundle L equipped 
with a family {|| • ||„} of f-adic metrics (v runs over the set VaA(K) of all 
valuation of K), satisfying certain conditions. This defines a height function 
H c : X{K) - R >0 by 

Hc(x)-.= n wmv 

veVaX(K) 

where / is a K-rational local section of the line bundle L not vanishing in 

x e x(K). 

Let Pic(A) be the Picard group of X and A c g C Pic(A) the cone of 
effective divisors. Assume that the class of L is contained in the interior of 
the cone of effective divisors A e fj C Pic(A)R. In this case, some positive 
tensor power of L defines a birational map of X into some projective space. 
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We denote by Ul C X the Zariski open subset such that the restriction of 
the above birational map to Ul is an isomorphism on its image. 

For any Zariski open subset U C Ul consider the height zeta-function 
defined by the following series Jl|. K : 

ZcM= E h c {x)- s . 

x£U(K) 

Then Z^u{ s ) converges absolutely and uniformly for Re(s) ^> 0. A Taube- 
rian theorem relates the analytic properties of the zeta-function with the 
asymptotic behaviour of the number N(U, £, B) of if-rational points x G 
U(K) with H c {x) < B as B -> oo. 
We define 

<y(C, U) = inf{a e R | Zc,u{s) converges for Re(s) > a}. 

We say that U does not contain £- accumulating subvarieties if for any non- 
empty Zariski open subset U' C U we have Z7) = U'). 

One expects a good accordance between the geometry of X and diophan- 
tine properties of the set of i^-rational points of X which are contained in 
the complement U C X to some proper closed subvarieties in X. Denote by 
/C _1 the metrized anicanonical line bundle. The following conjecture is due 
to Yu. I. Manin §: 

Let X be a smooth projective variety over a number field K whose anti- 
canonical line bundle is ample {i.e., X is a Fano variety). Assume that the set 
X(K) of K -rational points is Zariski dense. Let U C X be the largest Zariski 
open subset which doesn't contain K~ x -accumulating subvarieties. Then 

N(U,KT X ,B) = c(X,JC-\K)B(\ogB) k - 1 (l + o(l)) for B -> oo 

where k equals the rank of the Picard group Pic(X) over K and c(X, /C -1 , K) 
is some positive constant which depends on X , K and the choice of v-adic 
metrics on the anticanonical line bundle. 



The above conjecture was refined by E. Peyre |18| who defined Tamagawa 
numbers of Fano varieties and proposed an interpretation of c(X, /C -1 , K) in 
terms of these numbers. 



3 



The conjecture of Manin was proved for generalized flag varities, complete 
intersections of small degree and for some blow ups of projective spaces 0, 

0,0- 

In this paper we prove Manin's conjecture and compute the constant 
c(X, /C _1 , K) for arbitrary smooth projective equivariant compactifications of 
algebraic tori over number fields, i.e., for toric varieties Ps associated with a 



Galois invariant finite polyhedral fan £ []24| . We restrict ourselves to the case 
when U is the dense torus orbit. It is easy to show that U doesn't contain 
/^-accumulating subvarieties for any metrized line bundle L. On the other 
hand, it might happen that there is some larger Zariski open subset U' C Ps 
which contains U and which does not contain /^-accumulating subvarieties. 
It is possible to show that the the asymptotic formula for N(U' ,/C _1 , B) 
does not depend on the choice of such a Zariski open U', but we decided to 
postpone the proof of this fact. 

One of our main ideas for the computation of the height zeta-function on 
a toric variety P E is to introduce some canonical simultaneous metrizations 
on all line bundles and to obtain a pairing 

H E (x,s) : T(K) x Pic(P s ) c -> C 

between the set of rational points T(K) C Pjj(X) in the Zariski open sub- 
set T and the complexified Picard group, extending the usual height pair- 
ing between T(K) and Pic(Ps). This allows to extend the one-parameter 
zeta-function to a function -Zs(s) defined on the complexified Picard group 
Pic(Ps)c and holomorphic when the Re(s) is contained in the interior of the 
cone [/C _1 ] + A eff , where A eff C Pic(Ps)R is the cone of effective divisors of 
Pe- 

The second step is to use the multiplicative group structure on the torus 
T C Pe- With our choice of metrics, the height zeta-function becomes a 
function on the adelic group T(Ak) invariant under the closed subgroup 
T(K)~Kt, where C T(Ak) is the maximal compact subgroup. The key 
idea is to use the Poisson formula in order to obtain an integral representation 
forZ E (s). 

Our third step is the study of analytic properties of Z s (s) using the above 
integral formula and properties of Af-functions of convex cones. 

In section 1 we introduce notations and basic notions from the theory of 
toric varieties over non-closed fields. 
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In section 2 we recall the definitions of Tamagawa numbers of algebraic 
tori and Tamagawa numbers of algebraic varieties with metrized anticanon- 
ical bundle. 

In section 3 we define simultaneous metrizations of all line bundles on 
toric varieties, introduce the height zeta-function and give formulas for local 
Fourier transforms of heights. 

In section 4 we prove the Poisson formula which yields an integral repre- 
sentation of the height zeta-function. 

In section 5 we formulate basic properties of A'-functions of convex finitely 
generated polyhedral cones. 

In section 6 we prepare the necessary analytic tools. 

And finally, in section 7 we prove our main theorem: 

Let be a smooth projective compactification of an algebraic torus T 
over K. Let k be the rank o/Pic(Pg). Then there is only a finite number 
N(T, /C _1 , B) of K -rational points x e T(K) having the anticanonical height 
Hfc-i(x) < B. Moreover, 

N(T, KT\ B) = -P^L- ■ B(\ogB) k -\l + o(l)), B - oo, 
(£;- 1)! 

with the constant 6(E) = a(Ps)/5(Ps)rx:(PE), where: 

1. «(Pe) is a constant defined by the geometry of the cone of effective 
divisors A cS C Pic(P s )R/ 

2. /3(Pe) is the order of the non-trivial part of the Brauer group ofP^; 

3. T/c(Ps) is the Tamagawa number associated with the metrized canonical 
sheaf on P^ {as it was defined by E.Peyre in [IBf). 



Our results provide first examples for asymptotics on unirational vari- 
eties which are not rational and on varieties without weak approximation, in 
general. A new phenomenon is the appearance of the non-trivial part of the 
Brauer group Br(Ps)/Br(K) in the asymptotic constant. We don't need to 
assume that the anticanonical class of P^ is ample (i.e., Ps is a toric Fano 
variety) . 

This paper is a continuation of our paper 0, where we proved the conjec- 
ture of Manin about the distribution of i^-rational points of bounded height 
for the case of projective compactifications of anisotropic tori. An equvari- 
ant compactification P^ of an anisotropic torus T is much simpler in many 
aspects: the cone of effective divisors A e g is always simplicial, all i^-rational 
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points of Ps are contained in T, and the group T(Ak)/T(K) is compact 
(this last property significantly simplifies the Poisson formula). 

Acknowledgements. We would like to thank our teacher Yu.I. Manin 
for many years of encouragement and support. We benefited from conversa- 
tions with W. Hoffmann and B. Z. Moroz. 

The work of the second author was supported by a Junior Fellowship 
from the Harvard Society of Fellows. The paper was completed while he 
was visiting the Max-Planck-Arbeitsgruppe Zahlentheorie in Berlin, GHS- 
Essen and IHES. He would like to thank these institutions for hospitality 
and perfect working conditions. 

1 Algebraic tori and toric varieties 

Let Xk be an algebraic variety defined over a number field K and E/K a 
finite extension of number fields. We will denote the set of ^-rational points 
of Xk by X(E) and by Xe the E- variety obtained from Xk by base change. 
We sometimes omit the subscript in Xe if the respective field of definition 
is clear from the context. Let G mt E = Spec(E[x, x -1 ]) be the multiplicative 
group scheme over E. 

Definition 1.1 A linear algebraic group Tk is called a d- dimensional alge- 
braic torus if there exists a finite extension E/K such that Te is isomorphic 
to {Qm,E) d - The field E is called the splitting field of T. 

For any field E we denote by Te = Horn (T, E*) the group of regular 
.E-rational characters of T. 

Theorem 1.2 ]7[ |16|, |23[ There is a contravariant equivalence between the 
category of algebraic tori defined over a number field K and the category of 
torsion free Gal(E / K) -modules of finite rank over Z. The functors are given 
by 

M^T = Spec(A[M]); T — > Te- 

The above contravariant equivalence is functorial under field extensions of 
K. 
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Let Val(K) be the set of all valuations of a global field K. Denote by Soo 
the set of archimedian valuations of K. For any v G Val(i^), we denote by 
K v the completion of K with respect to v. Let E be a finite Galois extension 
of K. Let V be an extension of v to E, Ey the completion of E with respect 
to V. Then 

Gal(E v /K v ) = G v c G, 

where G v is the decomposition subgroup of G and K v <S)rE = Ylv\ v Ey. Let T 
be an algebraic torus over K with the splitting field E. Denote by T(K V ) = 
the f-adic completion of T(K) and by T{O v ) C T(K V ) its maximal compact 
subgroup. 

Definition 1.3 Denote by T(Ak) the adele group of T. Define 

T\A K ) = {te T(A K ) : [] I l«= x » for a11 ™ef K c M}. 

Let 

u6Val(K) 

be the maximal compact subgroup of T(A^). 



Proposition 1.4 @ 77te groups T(A K ), T\A K ), T(K), K T have the fol- 
lowing properties: 

(i) T(A K )/T l (A K ) = R' ; where t is the rank off K ; 

(ii) T 1 (A K )/T(K) is compact; 

(iii) T 1 (Ak)/T(K) ■ is isomorphic to the direct product of a finite 
group cl(Tft-) and a connected compact abelian topological group which di- 
mension equals the rank r' of the group of Ok -units in T(K); 

(iv) W(T) = K.t^T(K) is a finite group of all torsion elements in T(K). 



Definition 1.5 We define the following coho mo logical invariants of the al- 
gebraic torus T: 

h{T) = Ca,rd[H l (G,M)), 
lll(T)=Ker[H\G,T(K)) -> J[ H\G V ,T(K V ))], 

ueVal(K) 

i(T) = Card[III(T)]. 
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Definition 1.6 Let T(K) be the closure of T(K) in T(Ak) in the direct 
product topology. Define the obstruction group to weak approximation as 



A(T) = T(A K )/T(K). 



Remark 1.7 It is known that over the splitting field E one has A(Te) = 0. 

Let us recall standard facts about toric varieties over arbitrary fields [ffi 
0,1, 0,0- 

Definition 1.8 A finite set £ consisting of convex rational polyhedral cones 
in Ar = A ® R is called a d- dimensional fan if the following conditions are 
satisfied: 

(i) every cone a G £ contains G Ar; 

(ii) every face a' of a cone cr G £ belongs to £; 

(iii) the intersection of any two cones in £ is a face of both cones. 



Definition 1.9 A <i-dimensional fan £ is called complete and regular ii the 
following additional conditions are satisfied: 

(i) Ar is the union of cones from £; 

(ii) every cone a G £ is generated by a part of a Z-basis of A. 

We denote by £(j) the set of all j-dimensional cones in £. For each cone 
a G £ we denote by A CT) r the minimal linear subspace containing a. 

Let Tk be a <i-dimensional algebraic torus over K with splitting field E and 
G = Gal (E/K). Denote by M the lattice f E and by A = Horn (M, Z) the 
dual abelian group. 

Theorem 1.10 A complete regular d-dimensional fan £ defines a smooth 
equivariant compactification Ps,_b of the E -split algebraic torus Te- The 
toric variety Pe,£ has the following properties: 

(i) There is a TE-invariant open covering by affine subsets V a ^ E - 

Ps,e = [J Ua,E- 
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The affine subsets are defined as U a ^E = Spec(E[M (!&}), where a is the cone 
in Mr which is dual to a. 

(ii) There is a representation o/P^e as a disjoint union of split algebraic 
tori T a ^ of dimension dimT^ = d — dim a: 

Pe,£ = {J T aE . 

o-es 

For each j -dimensional cone a E S(j) we denote by T a ^E the kernel of a 
homomorphism Te — > {Gm^Y defined by a Z-basis of the sublattice N D 
N a , R CN. 

To construct compactifications of non-split tori T# over K, we need a com- 
plete fan E of cones having an additional combinatorial structure: an action 
of the Galois group G = Gal(E/K) |24j]. The lattice M — T E is a G-module 
and we have a representation p : G —> Aut(M). Denote by p* the induced 
dual representation of G in Aut(iV) = GL(d, Z). 

Definition 1.11 A complete fan E C Nn is called G -invariant if for any 
g £ G and for any a E E, one has p*(g)(a) E E. Let N G (resp. M G , 
Nj[, and E G ) be the subset of G-invariant elements in N (resp. in M, 
A®R, M®R and E). Denote by E^ C the fan consisting of all possible 
intersections a D Nj[ where a runs over all cones in E. 



The following theorem is due to Voskresenskii [24]: 



Theorem 1.12 Let E be a complete regular G- invariant fan in Ar. Assume 
that the complete toric variety Pe,e defined over the splitting field E by the 
G -invariant fan E is projective. Then there exists a unique complete algebraic 
variety P^k over K such that its base extension Pt,,k ®Spec(K) Spec(-E') is 
isomorphic to the toric variety Ps,e- The above isomorphism respects the 
natural G-actions on Ps t K ®spec(K) Spec(i?) and Ps,e- 



Remark 1.13 Our definition of heights and the proof of the analytic prop- 
erties of height zeta functions do not use the projectivity of respective toric 
varieties. We note that there exist non-projective compactifications of split 
algebraic tori. We omit the technical question of existence of non-projective 
compactifications of non-split tori. 



9 



We proceed to describe the algebraic geometric structure of the variety 
Y*y,,k in terms of the fan with Galois-action. Let Pk^Ps^) be the Picard 
group and A eff the cone in Pic(P Sjft ;) generated by classes of effective divisors. 
Let /C be the canonical line bundle of ~Pt.,k- 

Definition 1.14 A continuous function <p : Ar — > R is called T,-piecewise 
linear if the restriction of <p to every cone a G E is a linear function. It is 
called integral if <p(N) C Z. Denote the group of E-piecewise linear integral 
functions by PL(E). 

We see that the G-action on M (and N) induces a G-action on the free 
abelian group PL(E). Denote by e±, . . . , e„ the primitive integral generators 
of all 1-dimensional cones in E. A function ip G PL(E) is determined by 
its values on e^, (i = 1, ...,n). Let T« be the (d — 1) -dimensional torus orbit 
corresponding to the cone R>oe« G E(l) and T { the Zariski closure of Tj in 
Ps,£- 

Proposition 1.15 Let Ps^ fre a smooth toric variety over K which is an 
equivariant compactification of an algebraic torus Tk with splitting field E 
and E the corresponding complete regular fan with G = Gal(P / K)- action. 
Then: 

(i) There is an exact sequence 

-> M G -> PL(E) G -> Pic(P Si ^) -> P X (G, M) -> 0. 

fnj Let 

E(l) = E 1 (l)U...UE r (l) 

&e the decomposition o/E(l) mto a union of G- orbits. The cone of effective 
divisors A c s is generated by classes of G-invariant divisors 

Dj= £ Tt (j = l,...,r). 

R> ()ei GS,(l) 

fwj T/ie c/ass o/ £/ie anticanonical line bundle /C _1 G Pic(Ps, J R-) £/ie 
c/ass o/ t/ie G-invariant piecewise linear function </?£ G PL(E) G groen fry 
^s(ej) = 1 for all j = 1, ...,n. 
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Theorem 1.16 f23|, |3fl Let T be an algebraic torus over K with splitting field 
E. Let Ps,if be a complete smooth equivariant compactification ofT. There 
is an exact sequence: 

-> A(T) -> Hom(H\G, Pic(P SjB )), Q/Z) -> III(T) -> 0. 



Remark 1.17 The group H l {G, Pic(Ps,E)) is canonically isomorphic to the 
non-trivial part of the Brauer group Br (Pg^) /Br (if), where Br(Ps ) ^:) = 
-^et(Ps Ki G m ). This group appears as the obstruction group to the Hasse 



principle and weak approximation in [12, 



Corollary 1.18 Let /3(P S ) be the cardinality of H^G, Pic(P E)S )). Then 

CardL4(T)] = 



2 Tamagawa numbers 

In this section we recall the definitions of Tamagawa numbers of tori following 
A. Weil [25| and of algebraic varieties with a metrized canonical line bundle 
following E. Peyre |18| . The constructions of Tamagawa numbers depend on 



a choice of a finite set of valuations S C Val(iT) containing archimedian val- 
uations and places of bad reduction, but the Tamagawa numbers themselves 
do not depend on S. 

Let X be a smooth algebraic variety over K, X(K V ) the set of ^-rational 
points of X. Then a choice of local analytic coordinates xi, . . . , x,i on X(K V ) 
defines a homeomorphism <p : U — > K$ in f-adic topology between an open 
subset U C X(K V ) and (f>(U) C K%. Let dx\ ■ ■ ■ dxd be the Haar measure on 
K% normalized by the condition 



/ dx\ ■ ■ ■ dx c 

Joi 



1 



ii 



where 8 V is the absolute different of K v . Denote by dx\ A ■ • • A dxa the 
standard differential form on K%. Then / = <fi*(dx\ A • • • A dxd) is a local 
analytic section of the canonical sheaf /C. If || • || is a f-adic metric on /C, 
then we obtain the u-adic measure on U by the formula 



uk,v = / 11/(0 1 {x))\\ v dx 1 - ■ -dx d , 

U' J<t>{u') 

where U' is arbitrary open subset in U. The measure u)jc jV does not depend 
on the choice of local coordinates and extends to a global measure on X(K V ) 



IS 



Definition 2.1 (T^j Let T be an algebraic torus defined over a number field 
K with splitting field E. Denote by 

L s (s,T;E/K)= ft L v (s,T;E/K) 

veVal(K) 

the Artin L-function corresponding to the representation 

p : G = GaX(E/K) -> Aut(f B ) 

and a finite set 5 C Val(X) containing all archimedian valuations and all 
non-archimedian valuations of K which are ramified in E. By definition, 
L v (s,T;E/K) = 1 if v G S, L v (s,T;E/K) = det(Id - q- s F v )- 1 if v & S, 
where F v G Aut(Tg) is a representative of the Frobenius automorphism. 

Let T be an algebraic torus of dimension d and Q a T-invariant algebraic 
ii'-rational differential <i-form. The form Q defines an isomorphism of the 
canonical sheaf on T with the structure sheaf on T. Since the structure sheaf 
has a canonical metrization, using the above construction, we obtain a f-adic 



measure w^.d on T(K V ). Moreover, according to A. Weil p5| , we have 

for all f G" S. We put cf//„ = L v (l, T; E/K)uj^ v for all v G Val(i^). Then the 
local measures d\i v satisfy 

dfi v = 1 



T(O v ) 



for all v ^ S. 
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Definition 2.2 We define the canonical measure on the adele group T(Ak) 
^n,s= II L v{l,T;E/K)uJn tV = d/j v . 

veVal(K) veVal(K) 



By the product formula, u^s does not depend on the choice of fl Let dx be 
the standard Lebesgue measure on T(Ak)/T 1 (Ak)- There exists a unique 
Haar measure ujq s on T 1 (Ak) such that lvq s dx = uj^s- 

We proceed to define Tamagawa measures on algebraic varieties following 
E. Peyre [T3[. Let X be a smooth projective algebraic variety over K with 



a metrized canonical sheaf fC. We assume that X satisfies the conditions 
h l (X, Ox) = h 2 (X,Ox) = 0. Under these assumptions, the Neron-Severi 
group NS(X) (or, equivalently, the Picard group Pic(X) modulo torsion) 
over the algebraic closure K is a discrete continuous Gal^/i^-module of 
finite rank over Z. Denote by T^s the corresponding torus under the duality 
from O] and by E^s a splitting field. 



Definition 2.3 [18|] The adelic Tamagawa measure lok,,s on X(Ak) is de- 
fined by 

VK,S= II L V (1,T NS ; E NS /K)~ 

veVal(K) 



Definition 2.4 Let t be the rank of the group of i^-rational characters Tk 
of T. Then the Tamagawa number of T is defined as 

r(D = ^ 

where 

b S (T) = UJao, 

l s (T) = \iMs-l) t L s (s,T-E/K). 

s— >1 
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Definition 2.5 [T8|] Let k be the rank of the Neron-Severi group of X over 
K, and X(K) the closure of X(K) C X(Ak) in the direct product topology. 
Then the Tamagawa number of X is defined by 



tk(X) 



b s (X) 



ls(X) 



where 




whenever the adelic integral converges, and 



l s \X) = lim(s - l) k L s {s,T NS ;E NS /K). 

s— +1 



Remark 2.6 Notice that there is a difference in the choice of convergence 
factors for the Tamagawa measure on an algebraic variety X and for the 
Tamagawa measure on an algebraic torus T . In the first case, we choose 
T NS ; E N sl K) whereas in the second case one uses L v (l, T; E/K). This 
explains the difference in the definitions of ls(X) and ls(T)- 

Remark 2.7 For a toric variety D T one can take E^s = E, where E 
is a splitting field of T. 

Remark 2.8 It is clear that in both definitions the Tamagawa numbers 
do not depend on the choice of the finite subset S C Val(K). E. Peyre 
( ||18||) proves the existence of the Tamagawa number for Fano varieties by 
using the Weil conjectures. The same method shows the existence of the 
Tamagawa number for smooth complete varieties X satisfying the conditions 



Theorem 2.9 O] Let T be an algebraic torus defined over K . The Tama- 
gawa number r(T) doesn't depend on the choice of a splitting field E/K. We 
have 



h\X, O x ) = h 2 



(X, O x ) = 0. 




14 



We see that the Tamagawa number of an algebraic torus is a rational 
number. We have T(G m (K)) = 1. The Tamagawa number of a Fano variety 
with a metrized canonical line bundle is certainly not rational in general. For 
Pq with our metrization we have t^(Pq) = 1/£q(2). 

Proposition 2.10 One has 



3 Heights and their Fourier transforms 

Let ip G PL(E)q. Using the decomposition of S(l) into a union of G-orbits 



we can identify (p with a T-invariant divisor with complex coefficients 



where Sj = <p{ej) G C and Cj is a primitive lattice generator of some cone 
a G (j = 1, . . . ,r). It will be convenient to identify an element (p = 

ip s G PL(E)q with the vector s = (si, . . . ,s r ) of its complex coordinates. 

Let us recall the definition of heights on toric varieties from . For our 
purposes it will be sufficient to describe the restrictions of heights to the 
Zariski open subset T C Ps,k- 

Proposition 3.1 Let v G Val(K) be a valuation and G v C G the decompo- 
sition group of v. There is an injective homomorphism 



which is an isomorphism for all but finitely many v G Val(i^). Here N v = 
N Gv C N for non-archimedian v and N v = N^" for archimedian valuations 
v. For every non-archimedian valuation we can identify the image ofn v with 
a sublattice of finite index in N v . 




E(l) = E 1 (l)U...UE r (l) 



D 



SiD 1 + ■ • • + s r D r 



ti v : T(K v )/T(O v ) ^ N, t 
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Definition 3.2 Let s 6 C be a complex vector defining a complex piecewise 
linear G-invariant function ip G PL(E)§. For any point x v G T(K V ) C 
Ps(-Ky), denote by Zc„ the image of x v in iV„, where iV„ is considered as a 
canonical lattice in the real space N% v for non-archimedian valuations (resp. 
as the real Lie-algebra N^ v of T(K V ) for archimedian valuations). Define 
the complexified local Weil function H- S)V (x v ,s) by the formula 

where q v is the cardinality of the residue field k v of K v if v is non-archimedian 
and logg„ = 1 if v is archimedian. 

Theorem 3.3 [[| The complexified local Weil function Hy, >v (x v ,s) satisfies 
the following properties: 

(i) Hs v ( OC u . S ^ %S T(O v ) -invariant. 

(ii) If s = 0, then H^ !V (x v ,s) = 1 for all x v G T(K V ). 
(hi) Hz )V (x v ,s + s') = H StV (x v ,s)Hz !V (x v ,s'). 

(iv) If s = (sx,...,s r ) G 77, then if Sjl) (x^,s) is a classical local Weil 
function corresponding to a Cartier divisor D s = Si-Di H — • + s r D r on P^k- 



Definition 3.4 For a piecewise linear function <p s G PL(J2)q we define the 
complexified height function on T(K) C Ps,/f(i^) by 

DGVal(A") 

Remark 3.5 Although the local heights are defined only as functions on 
PL(S)q = C r , the product formula implies that for x G T(K) the global 
complexified height function descends to the Picard group Pic(Ps,A')c- More- 
over, since H^(x, s) is the product of local complex Weil functions H s , v (x, s) 
and since for all x v G T(O v ) we have HY, yV (x v , s) = 1 for all v, we can imme- 
diately extend Pe(x, s) to a function on T(A^) X PL(S)§. 



16 



Definition 3.6 Let E(l) = Ei(l) U • • • UE;(1) be the decomposition of E(l) 
into a disjoint union of GVorbits. Denote by dj the length of the G^-orbit 
Ej(l) (di + ■ • • + di — n). We establish a 1-to-l correspondence Ej(l) «-> Uj 
between the G„-orbits Ei(l), . . . , E/(l) and independent variables ui, . . . , u\. 
Let cr g S G " be any G„-invariant cone and S J - 1 (1) U ■ • • U Ej fe (l) the set of 
all 1- dimensional faces of a. We define the rational function R a (ui, . . . ,u{) 
corresponding to a as follows: 



RJui, ...,ui) 



d h . . . d J k 



Define the polynomial Qs(ui, . . . ,ui) by the formula 

Qs(ui, ...,Ui) 



E R *(ui, ...,ui) = d 



Proposition 3.7 @ Let X be a complete regular G v -invariant fan. Then 
the polynomial 

Qx(ui, ...,ui) — l 
contains only monomials of degree > 2 . 

Let x be a topological character of T(A^) such that its f-component 
Xv ■ T{K V ) -> S 1 C C* is trivial on T{O v ). For each j G {1,...,/}, we 
denote by rij one of dj generators of all 1-dimensional cones of the G^-orbit 
Ej(l); i.e., G v nj is the set of generators of 1-dimensional cones in E,- 
Recall ( |3.1|) that for non-archimedian valuations, Uj represents an element of 
T(K V ) modulo T{O v ). Therefore, Xv( n j) is well-defined. By (Oj) we know 
that the homomorphism 

ir v : T(K v )/T(O v ) -> jV„ 
is an isomorphism for almost all v. We call these valuations good. 

Definition 3.8 Denote by Ht,,v{Xv, — s) the value at Xv of the multiplicative 
Fourier transform of the local Weil function H-£^ v (x v , — s) with respect to the 
v-adic Haar measure dfi v on T(K V ) normalized by Jt(o v ) ^Hv = 1- 
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Proposition 3.9 |2j Let v be a good non-archimedian valuation of K . For 
any topological character Xv ofT(K v ) which is trivial on the subgroup T(O v ) 
and a piecewise linear function ip = <p s G PL(S)§ one has 



Jt(k v ) 




Q- ( Xv(m) 
VS \qv v< - n ^ ' ' ' 


Xvini) \ 
■ ' q v f{n) ) 


(-t Xv(ni) \ , 

V 1 q v f("l)) 1 


'1 Xv{ni)\' 
1 q v ^0> 



Corollary 3.10 Let v be a good non-archimedian valuation of K. The 
restriction of 

/ Hx v (x v ,-s)dfi v 
Jt(k„) 



IT(K V ) 

to the line si = • • • = s r — s is equal to 



L v (s, T; E/K) ■ L v ( Sj T NS , E/K) ■ Q^ s , ...,q~ 



Remark 3.11 It is difficult to calculate the Fourier transforms of local 
heights for the finitely many "bad" non-archimedian valuations v, because 
there is only an embedding of finite index 

T(K v )/T(O v ) N v . 

However, for our purposes it will be sufficient to use upper estimates for these 
local Fourier transforms. One immediately sees that for all non-archimedian 
valuations v the local Fourier transforms of Hz jV (x v , — s) can be bounded 
absolutely and uniformly in all characters by a finite combination of multi- 
dimensional geometric series in q~ x ^ 2 in the domain Re(s) e R>i/2- 

Now we assume that v is an archimedian valuation. By (|3.1|) , we have 
T{K v )/T{O v ) = Ng v C iV R where G v is the trivial group for the case K v = 
C, and G v = Gal(C/R) = Z/2Z for the case K v = R. Let (•, •) be the pairing 
between and Mr induced from the duality between N and M. Let y be 
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an arbitrary element of the dual R-space Mg v = Hom{T{K v )/T{O v ),R). 
Then Xy{ x v) — e~ l ^ Xv,y ' is a topological character of T(K V ) which is trivial 
on T(O v ). We choose the Haar measure d[i v on T(K V ) as the product of the 
Haar measure d[i® on T(O v ) and the Haar measure dx v on T(K V ) /T(O v ). We 
normalize the measures such that the dfi®- volume of T(O v ) equals 1 and dx v 
is the standard Lebesgue measure on N^ v normalized by the full sublattice 

n Gv . 

Proposition 3.12 || Let v be an archimedian valuation of K . The Fourier 
transform H-£ }V (xy, — s ) of a local archimedian Weil function 

#E,„(x„,-s) = e-^ 

is a rational function in variables Sj = (f s (ej) for Re(s) G R>o- 

Proof. Let us consider the case K v = C. One has a decomposition of the 
space Nn into a union of d-dimensional cones = Uo-eE(d) °~- We calculate 
the Fourier transform as follows: 

HxAXy, -s) = / e-^~^dx v = 
Jn r 

= E / e-v-^-t^dx* = E — ^ r-. 

The case K v = R can be reduced to the above situation. □ 

4 Poisson formula 

Let Ps be a toric variety and H-z(x, s) the height function constructed above. 

Definition 4.1 We define the zeta-function of the complex height-function 

H%(x, s) as 

Zv(s)= £ F s (x,-s). 
xeT(i<r) 



Theorem 4.2 T/ie series Z^(s) converges absolutely and uniformly for s 
contained in any compact in the domain Re(s) G R>i- 



19 



Proof. It was proved in [|T^] that we can always choose a finite set S such 
that the natural map 

n s : T(K)^®T{K v )/T{O v ) = ®N v 

is surjective. Denote by T(Os) the kernel of its consisting of all 5-units in 
T(K). Let W(T) C T(Og) the subgroup of torsion elements in T{Os). Then 
T(Os) /W(T) has a natural embedding into the finite-dimensional logarith- 
mic space 

N niS = ®T{K v )/T{O v )®R 

as a sublattice of codimension t. Let T be a full sublattice in Nn t $ containing 
the image of T{Os) /W(T). Denote by A a bounded fundamental domain 
of T in N-r^s- For any x G T(K) we denote by xs the image of x in N^s- 
Define 4>(x) to be the element of V such that x~s — 4>{x) G A. Thus, we have 
obtained the mapping 

<p : T(K) -> T. 
Define a new function Hs(x, s) on T(K) by 

Hn(x, s) = n Hv )V (<l>(x) v , s) Y[ H^ v (x V7 s). 

If K C C r is a compact in the domain Re(s) G R> 1; then there exist two 
positive constants Ci(K) < C 2 (K) such that 

< d(K) < ^l X,8 l < C 2 (K) for s G K, x G 

since Xt,— belongs to some bounded subset A„ in iVa )t , for any x G T(i^) 
and v E S. Therefore, it is sufficient to prove that the series 

Z s (s)= J2 Hx(x,-s) 

is absolutely converent for s G K. Notice that Z^(a) can be estimated from 
above by the the following Euler product 

e n *M7„, -s) ) n ( e - § ) 

v7Gr«GS / vgS \zeN v 
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The sum 

is an absolutely convergent geometric series for Re(s) G R> x . On the other 
hand, the Euler product 

II f E Hv tV (z,-a) 

vgS \z€N v 

can be estimated from above by the product of zeta-functions 

C 3 (K)f[( Kj ( Sj ), 

3=1 

where C 3 (K) is some constant depending on K. Since each ( K .(sj) is abso- 
lutely convergent for Re(sj) > 1, we obtain the statement. □ 
We need the Poisson formula in the following form: 

Theorem 4.3 Let Q be a locally compact abelian group with Haar measure 
dg,H C Q a closed subgroup with Haar measure dh. The factor group Q/Ti. 
has a unique Haar measure dx normalized by the condition dg = dx ■ dh. Let 
F : Q — > R be an L 1 -function on Q and F its Fourier transform with respect 
to dg. Suppose that F is also an L l -function on 7i ± , where 7i x is the group 
of topological characters x '■ Q ~^ S 1 which are trivial on Ti. Then 

I F(x)dh = I F( X )d X , 

where dx is the orthogonal Haar measure on Ti 1 - with respect to the Haar 
measure dx on Q /Ti. 

We will apply this theorem in the case when Q = T(A K ) and H = T(K), 
dg = cjq s, and dh is the discrete measure on T(K). 

Theorem 4.4 (Poisson formula) For all s with Re(s) G R> x we have the 
following formula: 

Zs ( s ) = to \K (r\ I \ I H ^ x > ~ s )x{x)uJn,s ) dx, 

(27r)*6 5 (T) J(t(a k )/t(k))* \Jt(a f ) J 
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where x £ (T(Ak)/T(K))* is a topological character of T{Ak), trivial 
on the closed subgroup T{K) and d\ is the orthogonal Haar measure on 
(T(Ak) /T(K))* . The integral converges absolutely and uniformly to a holo- 
morphic function in s in any compact in the domain Re(s) G R>j- 



Proof. Because of fO| we only need to show that the Fourier transform 
Ht,(x, — s) of the height function is an L^-function on (T(Ak) /T(K))* . By 
|3.9| and uniform estimates at places of bad reduction |3.11] , we know that the 
Euler product 

n Hx,v(xv,-s) 

converges absolutely and is uniformly bounded by a constant c(K) for all 
characters \ and all s G K, where K is some compact in the domain Re(s) G 

R >i 

Since the height function H^ jV (x, — s) is invariant under T(O v ) for all v, 
the Fourier transform of Hs(x-> ~ s ) equals zero for characters \ which are 
non-trivial on the maximal compact subgroup Ky. Denote by V the set of 
all such characters x e (T(A K )/T(K))*. 

We have a non-canonical splitting of characters x = Xi ' Xyi where xi £ 
{T x {Ak)/T{K))* and x y e {T{Ak)/T 1 {A k ))* . Let us consider the logarith- 
mic space 

iVR,oo = T{K v )/T{O v ) = N RtV . 

It contains the lattice T(Ok) /W{T) of Oft-integral points of T(K) modulo 
torsion. Denote by M Rj00 = 0^5^ M R )V the dual space. It has a decom- 
position as a direct sum of vector spaces Mr j00 = Ml © My, such that the 
space Ml contains the dual lattice L := (T(Ok)/W(T))* as a full sublattice 
and the space My is isomorphic to (T(Ak)/T 1 (Ak))* = Tk ® R- 
By O], we have an exact sequence 



0->cr(T) ^ M ->(), 

where .M is the image of the projection of V to M R oo and cl*(T) is a finite 
group. We see that the character x G P is determined by its archimedian 
component up to a finite choice. Denote by y(x) G .M C Mr j00 the image of 
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The following lemmas will provide the necessary estimates of the Fourier 
transform of local heights at archimedian places. This allows to apply the 
Poisson formula fOl □ 



Lemma 4.5 Let £ C N-r, be a complete fan in a real vector space of 
dimension d. Denote by Mr, the dual space. For all m G Mr we have the 
following estimate 

y ! < ! 

IWsj + i < e„ m >) - (1 + limine 



Corollary 4.6 Consider 

#s,oo(X -s) = II Hv,v(x> ~ s ) 

as a function on 

M C M Rj00 = Mb,,. 

Let d! be the dimension of Mr )00 . We have a direct sum decomposition 
Mr j00 = M^ © My of real vector spaces. Let M y C My be any affine 
subspace, dy' the Lebesgue measure on M y and V C Ml any lattice. Let 
g(y, — s) be a function on M RiOC satisfying the inequality \g(y, — s)| < c||y|| 5 
for all y G Mr )OD , all s in some compact domain in Re(s) G R >1 / 2 , some 
< 6 < l/d' and some constant c > 0. Then the series 

J2 / g(y>- s )Hx,oo(y(x),-s)dy' 

y(x)eL jM v 

is absolutely and uniformly convergent to a holomorphic function in s in this 
domain. 

Proof. We apply |3.12| and observe that on the space iV Rj00 we have a fan 
Sqo obtained as the direct product of fans TF V for v G Soo (i.e., every cone 
in Sqo is a direct product of cones in T, Gv ). □ 
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5 Af-functions of convex cones 



Let (A, An, A) be a triple consisting of a free abelian group A of rank k, a 
/c-dimensional real vector space A R = A <g> R containing A as a sublattice 
of maximal rank, and a convex /c-dimensional cone A C An such that A D 
—A = G A R . Denote by A° the interior of A and by A° c = A + iA K the 
complex tube domain over A°. Let (A*,A R ,A*) be the triple consisting of 
the dual abelian group A* = Hom(A, Z), the dual real vector space A R = 
Hom(/l R ,R), and the dual cone A* C A R . We normalize the Haar measure 
dy on v4 R by the condition: vo\(A^/A*) = 1. 

Definition 5.1 The X -junction of A is defined as the integral 

X A (s) = ( e-^dy, 

J A* 

where s e Aq. 

Remark 5.2 Af-functions of convex cones have been investigated in the the- 
ory of homogeneous cones by M. Kocher, O.S. Rothaus, and E.B. Vinberg 



[ |10| , |20| , |22f . In these papers A'-functions were called characteristic functions 
of cones, but we find such a notion rather misleading in view of the fact 
that X A (s) is the Fourier-Laplace transform of the standard set-theoretic 
characteristic function of the dual cone A*. 



The function X A (s) has the following properties J2(J |22 
Proposition 5.3 (i) If A is any invertible linear operator on C k , then 

Xa{As) - deU' 

(ii) If A = R| 0; then 

X A (s) = (si • • ■ s fe ) _1 , for Re(si) > 0; 

(iii) J/se A°, then 



lim Xa(s) = oo; 

s— ><9A 



(iv) X A (s) ^ for all s e A° c . 
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Proposition 5.4 If A is a k- dimensional finitely generated polyhedral cone, 
then Aa(s) is a rational function 

where P is a homogeneous polynomial, Q is a product of all linear homoge- 
neous forms defining the codimension 1 faces of A, and degP — degQ = —k. 



Proof. We subdivide the dual cone A* into a finite union of simplicial sub- 
cones A* (J G J). Let Aj C An be the dual cone to A*. Then 



By p|(i) and (ii), 



* a (s) = £Aa.< 



where Pj is a homogeneous polynomial of degree and Qj is the product of k 
homogeneous linear forms defining the codimension 1 faces of Aj. Therefore, 
X\(s) can be uniquely represented up to constants as a ratio of two homoge- 
neous polynomials P(s)/Q(s) with g.c.d.(P,Q) = 1 where Q is a product of 
linear homogeneous forms defining some faces of Aj of codimension 1. Since 
Q does not depend on a choice of a subdivision of A* into a finite union of 
simplicial cones A*, only linear homogeneous forms which vanish on codi- 
mension 1 faces of A can be factors of Q. On the other hand, by |5.3| (iii), 
every linear homogeneous form vanishing on a face of A of codimension 1 
must divide Q. □ 

Theorem 5.5 Let (A, An, A) and (A, An, A) be two triples as above, k = 
rkA and k = rkA, and ip : A — > A a homomorphism of free abelian groups 
with a finite cokernel A' (i.e., the corresponding linear mapping of real vector 
spaces ip '■ An — > An is surjective), andip(A) = A. Let B = Kerip C A, db 
the Haar measure on B>n = -B®R normalized by the condition vo\(B>n/ B>) = 
1. Then for all s with Re(s) G A the following formula holds: 

^ w ' (s)) = (^iil^ (s + !b)db ' 

where \A'\ is the order of the finite abelian group A'. 



25 



Proof. We have the dual injective homomorphisms of free abelian groups 
ip* : A* — > A* and of the corresponding real vector spaces ip* : A R — > A R . 
Moreover, A* = A* fl A R . Let C A .(y) be the set-theoretic characteristic 
function of the cone A* C A R and C\* (y) the restriction of Ca* (y) to A R 
which is the set-theoretic characteristic function of A* C A R . Then 

*a(#0)= /- C A .(y)e-W^>dy. 

R, 

Now we apply the Poisson formula to the last integral. For this purpose we 
notice that any additive topological character of A R which vanishes on the 
subgroup A R C A R has the form 

e -i(b,y)^ where b e Br 

Moreover, 

db 

(27r) fc -^'| 

is the orthogonal Haar measure on £? R with respect to the Haar measures 
dy and dy on A R and A R respectively. It remains to notice that 

X A (s + th)= [ CA*(y)e-< s+ * b < y >dy 

is the value of the Fourier transform of CA*(y)e^ s,y ^ on the topological char- 
acter of A R /A R corresponding to an element b G -Br C A r . □ 

Corollary 5.6 Assume that in the above situation rk = k — k = 1 and 
A = A/B. Denote by 7 a generator of B. Then 

/.HI JRe(z)=0 

where z = x + iy G C. 

Corollary 5.7 Assume that a A;- dimensional rational finite polyhedral cone 
A C contains exactly r one-dimensional faces with primitive lattice gen- 
erators G A. We set k :— r, A := Z r and denote by ip the natural 
homomorphism of lattices Z r — > A which sends the standard basis of Z r into 
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d\ , . . . , CL r G A, so that A is the image of the simplicial cone R> C R r under 
the surjective map of vector spaces ip : R r — > Ar. Denote by Mr the kernel 
of ip and set M := 77 fl Mr. Let s = (si, s r ) be the standard coordinates 
in C r . Then 

*a(V(s)) = ,« IT. / 7t T 1 ——-^ 



where dy is the Haar measure on the additive group Mr normalized by the 
lattice M, yj are the coordinates of y in R r , and \A'\ is the index of the 
sublattice in A generated by CL\ , . . . , CL r . 

Example 5.8 Consider an example of a non-simplicial convex cone which 
appears as the cone of effective divisors of the split toric Del Pezzo surface 
X of anticanonical degree 6. The cone A e g has 6 generators corresponding to 
exceptional curves of the first kind on X. We can construct X as the blow up 
of 3 points pi,p 2 ,p 3 in general position in P 2 . Denote the exceptional curves 
by Ci, C 2 , C3, C12, C13, C23, where CV, is the proper pullback of the line joining 
Pi and Pj . Let s = s 1 [C 1 } + s 2 [C 2 } + s 3 [C 3 } + s 12 [C 12 ] + s 13 [C 13 ] + s 23 [C 23] G A c ° ff 
be an element in the interior of the cone of effective divisors. The sublattice 
M C Z 6 of rank 2 consisting of principal divisors is generated by 71 = 
Ci + C13 -Ci- C 23 and l2 = d + C l2 -C 3 - C 23 = 0. 

In our case, the integral formula in |5.7| is a 2-dimensional integral (r = 6) 
which can be computed by applying twice the residue theorem to two 1- 
dimensional integrals like the one in |5.6| . We obtain the following formula for 
the characteristic function of A c g: 

S! + S 2 + S 3 + S12 + S13 + S 23 



Af A (^(s)) 



(«i + s 23 )(s 2 + s l3 )(s 3 + s 12 )(s 1 + s 2 + s 3 )(s 12 + s 13 + s 23 ) 



Definition 5.9 Let X be a smooth proper algebraic variety. Consider the 
triple (Pic(X), Pic(X) <g> R, A cff ) where A eff C Pic(X) <g> R is the cone gen- 
erated by classes of effective divisors on X. Assume that the anticanonical 
class [/C _1 ] G Pic(X)pt is contained in the interior of A e g. We define the 
constant oi{X) by 

a(X) = X AcS ([JC- 1 ]). 

Corollary 5.10 If A e g is a finitely generated polyhedral cone, then a(X) is 
a rational number. 
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6 Some technical statements 

Let E be a number field and x an unramifled Hecke character on G m (As). 
Its local components Xv for all valuations v are given by: 

Xv : G m (E v )/G m (O v ) - S 1 

-V ( T \ = \r \ ltv 

Definition 6.1 Let x be an unramifled Hecke character. We set 

y(x) ■= Mves^E) e R ri+r2 , 

where T\ (resp. r 2 ) is the number of real (resp. pairs of complex) valuations 
of E. We also set 

WvbdW ■= max \t v \. 
We will need uniform estimates for Hecke L-functions in vertical strips. They 



can be deduced using the Phragmen-Lindelof principle |05 



Theorem 6.2 For any e > there exists a 5 > such that for any < 5% < 

5 there exists a constant c(e, 5\) > such that the inequality 

\L E (s,x)\<c(s)(l + \lm(s)\ + \\y(x)\\r 

holds for all s with 5\ < |Re(s) — \\<5 and every Hecke L-function L E (s, x) 
corresponding to an unramifled Hecke character x- 



Corollary 6.3 For any e > there exists a 5 > such that for any com- 
pact K in the domain < |Re(s) — 1| < 6 there exists a constant C(K,e) 
depending only on K and e such that 

\L E (s,x)\<C(K,e)(l + \\y( X )\\Y 
for s G K and every unramifled character x- 
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Let £ be the Galois-invariant fan defining and = Si(l)U...US r (l) 
the decomposition of the set of one- dimensional generators of X into G- 
orbits. Let ej be a primitive integral generator of Oj, Gj C G the stabilizer 
of ej. Denote by Kj C E the subfield of Gj-fixed elements. Consider the 
n-dimensional torus 

r 

T' = J\ R-Kj/KiGm). 



Let us recall the exact sequence of Galois-modules from Proposition |1.15 

-> M G -> PL(S) G -> Pic(P s ) -> H\G, M) -> 0. 
It induces a map of tori X" — > T and a homomorphism 

a : T'{Ak)/T'{K) ^T{A K )/T{K). 
So we get a dual homomorphism for characters 

a* : (T(A K )/T(K)y - n (G m (A Xj )/G m (^))*- 



Proposition 6.4 X7ie kernel of a* is dual to the obstruction group to 
weak approximation A(T) defined in 

Let x £ (T(Ak)/T(K))* De a character. Then x o a defines r Hecke 
characters of the idele groups 

Xj : GJAk^^cC* J = l,-..,r. 

If x is trivial on Ky, then all characters Xj (j — lj---> r ) are trivial on 
the maximal compact subgroups in G m (A^.). We denote by Lk^s, Xj) the 
Hecke L-function corresponding to the unramified character Xj- 

Proposition 6.5 Let x — (Xv) be a character and Ht,,v(Xv, ~ s ) the local 
Fourier transform of the complex local height function H-£ V (x v , — s). For any 
compact K contained in the domain Re(s) e R>i/ 2 there exists a constant 
c(K) such that 

r 

II Hx, v ( X v,-a) ■U L K){s j ,Xj) < c(K) 

D^S 1=1 

/or a// characters x e (T(A K )/T(K))*. 
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The proof follows from explicit computations of local Fourier transforms 



3.S and is almost identical with the proof of Proposition 3.1.3 in 



Proposition 6.6 There exists an e > such that for any open U C C 
contained in the domain < |Re(sj) — 1| < e for j = 1, ...,r the integral 



/ Hv(x, ~ s ) d X 

J(t(AkMt(k))* 



!(T(A K )/T(K))* 

converges absolutely and uniformly to a holomorphic function for Re(s) £ U . 



Proof. Using uniform estimates of Fourier transforms for non-archimedian 
places of bad reduction (|3.11|) and the proposition above we need only to 



consider the following integral 

/ #E,oc(X, -S) fl L Kj(Sj, Xj)dx- 

J(T(A^)/T(K))* M 3 



i=i 



Observe that there exist constants c\ > and c<i > such that we have the 
following inequalities: 

r 

ci||y(x)ll <J2\\y(xM <c2\\y{x)\l 

3=1 

Here we denoted by ||y(x)|| the norm of y(x) £ ^r,oo- Recall that since we 
only consider x which are trivial on the maximal compact subgroup Ky, all 
characters Xj are unramified. To conclude, we apply uniform estimates of 
Hecke L-functions from Corollary |0| and the Corollary [4.6| . □ 
The rest of this section is devoted to the proof of our main technical 
result. 

Let R[s] (resp. C[s]) be the ring of polynomials in s±, . . . ,s r with coeffi- 
cients in R (resp. in C), C[[s]] the ring of formal power series in si, . . . ,s r 
with complex coefficients. 

Definition 6.7 Two elements /(s), g(s) £ C[[s]] will be called coprime, if 
g.c.d.(f{s), g(s)) = 1. 
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Definition 6.8 Let /(s) be an element of C[[s]]. By the order of a monomial 
s" 1 ...^"'' we mean the sum of the exponents a\ + ... + a r . By multiplicity 
/i(/(s)) of /(s) at = (0, . . . , 0) we always mean the minimal order of non- 
zero monomials appearing in the Taylor expansion of f(s) at . 



Definition 6.9 Let /(s) be a meromorphic at function. Define the multi- 
plicity /i(/(s)) of /(s) at as 

M/( s )) =/i(ft(s))-Kj2( s )) 
where <?i(s) and ^(s) are two coprime elements in C[[s]] such that / = g±/g2- 



Remark 6.10 It is easy to show that for any two meromorphic at functions 
/i(s) and /2( s ), one has 

(i) • / 2 ) = (J>{fi) • M/2) (i n particular, one can omit "coprime" in 
Definition |6.9| ); 

(ii) fi(fi + / 2 ) > min{/i(/i),^(/ 2 )}; 
(in) + f 2 ) = MA) if /x(/ 2 ) > M/0- 



Using the properties |6.10| (i)-(ii), one immediately obtains from Definition 
13 the following: 



Proposition 6.11 Let /i(s) and /2(s) fre two analytic at functions, Z(s) 
a homogeneous linear function, 7 = (71, . . . ,7 r ) G C r an arbitrary complex 
vector with £(7) 7^ 0, and a(s) := fi(s)/f 2 (s). Then the multiplicity of 



at is at least \x{g) — k. 

Let T C Z r be a sublattice, T R C R r (resp. r c C C r ) the scalar 
extension of T to a R-subspace (resp. to a C-subspace). We always assume 
that T R n R^ = 0. We set V R := R r /V R and V c := C r /r c . Denote by V 
the canonical C-linear projection C r — > Vc- 
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Definition 6.12 A complex analytic function /(s) = f(si, . . . ,s r ) : U — > C 

defined on an open subset U C C r is said to descend to Vc if for any vector 
a G T c and any u = (i^, . . . , ix r ) G £/ one has 

/(u + z ■ a) = /(u) for all {2 G C : u + z ■ a G [/}. 

Remark 6.13 By definition, if /(s) descends to Vc, then there exists an 
analytic function g on ip(U) C V c such that / = g o ip. Using Cauchy- 
Riemann equations, one immediatelly obtains that / descends to Vc if and 
only if for any vector a G Tr and any u = (ui, . . . , u r ) G C/, one has 

/(u + • a) = /(u) for all {y G R : u + iy ■ a E U}. 



Definition 6.14 An analytic function W(s) in the domain Re(s) G R> is 
called good with respect to T if it satisfies the following conditions: 

(i) W(s) descends to V c ; 

(ii) There exist pairwise coprime linear homogeneous polynomials 

h(s),...,l p (s) G R[s] 

and positive integers ki, . . . , k p such that for every j G {1, . . . ,p} the linear 
form lj(s) descends to Vc, lj(s) does not vanish for s G R> , and 

P(s) = W(s).f[l k /(s) 

3=1 

is analytic at 0. 

(iii) There exist a non-zero complex number C(W) and a decomposition 
of P(s) into the sum 

P(s) = P (s) + Pi(s) 

so that -Po(s) is a homogeneous polynomial of degree -Pi(s) is an ana- 

lytic function at with /x(Pi) > Ai(P ), both functions P , Pi descend to V c , 
and 

where is the A'-function of the cone A = -?/>(R> ) C Vc; 
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Definition 6.15 If W(s) is a good with respect to T as above, then the 
meromorphic function 

will be called the principal part ofW(s) at and the non-zero constant C(W) 
the principal coefficient ofW(s) at 0. 

Suppose that T ^ 77 . Let 7 6 Z r be an element which is not contained in 
r, f := T©Z < 7 >, f R := T R ©R < 7 >, Vr := R r /f r and V c := R r /f c . 
The following easy statement will be helpful in the sequel: 

Proposition 6.16 Let /(s) be an analytic at function, l(s) a homogeneous 
linear function such that 7^ 0. Assume that /(s) and Z(s) descend to Vc- 
Then 

/(.) :=/f.-jW.J 



((7) 



descends to Vc- 



Theorem 6.17 Lei W(s) be a good function with respect to T as above, 

*oo= n #00 

j:Ji(7)=0 

£/ie product of those linear forms lj(s) j G {l,...,p} which vanish on 7. 
Assume that Ir n R> = and the following statements hold: 

(i) The integral 

W(s) := / W(s + z--f)dz, zeC 

JRe(z)=0 

converges absolutely and uniformly on any compact in the domain Re(s) G 

1 > r 

rv >0' 

(ii) There exists 5 > suc/i i/ia£ £/ie integral 

/ $(s) • W(s + 2; • ~/)dz 

jRe(z)=5 
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converges absolutely and uniformly in an open neighborhood ofO. Moreover, 
the multiplicity of the meromorphic function 

W s ( s ) ■= [ W(s + z ■ i)dz 

JRe(z)=S 

at is at least 1 + rk T — r; 

(iii) For any Re(s) e R> 0; the function 

4>(t, s) = sup |W(s + 2-7)| 

0<Re(»<<5, Im(z)=t 

tends to as \t\ — * +oo. 

Then W(s) is a good function with respect to T, and C(W) = 2ni-C(W). 



Proof. Assume that ^(7) < for j = 1, . . . ,p 1 , ^(7) = for j = . . . ,p 2 , 

and Ijij) > for j — p 2 + 1, . . . ,p. In particular, one has 



= n v ^ 

j=P!+l 

Denote by Zj the solution of the equation 

lj(s) + zljfr) = 0, j = l,...,px. 
Let U be the intersection of R> with an open neighborhood of where 

$(s) • W s (s) 

is analytic. Then both functions Ws(s) and W(s) are analytic in U. More- 
over, the integral formulas for Ws(s) and W(s) show that the equalities 
Ws(u + iy ■ 7) = Ws(u) and W"(u + iy ■ 7) = W"(u) hold for any y 6 R 
and u, u + • 7 G [/. Therefore, both functions Ws(s) and W(s) descend to 
Vc (see Remark |6.13|) . 

Using assumptions (i)-(iii) of Theorem, we can apply the residue theorem 
and obtain 

pi 

W(s) - W s (s) = 2m-J2 Res z=Zi W(s + z ■ 7) 
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for s 6 U. 

We denote by £7(7) the open subset of U defined by the inequalities 

IjS lm_s for ^ ^ 
W) w) 

The open set Z7(7) is non-empty, since we assume that g.c.d.(lj,l m ) = 1 for 
j 7^ m. For s 6 [/ (7) , we have 



Res z=z W(s + z ■ 7) 



1 / d \ kj 1 lj(s + z ■ 7)^P(s + z ■ 7) 



W /?(7)-n p m =i4-(s + ^-7) 

where 
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Let 

W(s) ■ f[ l k /(s) = P(s) = P (s) + Pi(s), 
3=1 

where Pq(s) is a uniquely determined homogeneous polynomial and Po(s) is 
an analytic at function such that fi(P) = A*(Po) < A* (-Pi) and 

Poi t ; = C(W) ■ X A (s) 



(X/i(s) is the A'-function of the cone A = ^(RC.q)). We set 
^ois) .- — — j—, Ki(Sj .- — — — 



nU l H s ) n?=i?(s) 

Then //(W) = //(P ) < A*(-Ri)- Moreover, fi(W) = -dimV R = r - rkT. 
Define 

pi 

P (s) := 2vri • ^ Res z=Zi P (s + 2 • 7) 

and 

pi 

Pi(s) := 2tt2 ■ ^ Res z=2jJ Ri(s + 2; • 7). 



By Proposition p.llj, we have n(Ri) > 1 + /-t(-Ri) > 2 + h(Rq) = 1 + rk T — r. 



35 



We claim 

Ro(s) = 2m ■ C(W)X k $(s)) 

in particular fi(Ro) = f-i(Ro) + 1 = rkT. Indeed, repeating for Xa(i/j(s)) the 
same arguments as for W(s) we obtain 



X A (i/;(s + z ■ i))dz - / X A (ijj(s + z ■ ^))dz 

Re(z)=0 JRe(z)=5 
ki 

= 2ni-Y^ Res z=2j Aa(^(s + Zyij). 
Moving the contour of integration Re(z) = 5, by residue theorem, we obtain 

/ X A (iP(s + z ■ j))dz = 0. 

JRe(z)=5 

On the other hand, 

2m JRe(z)=0 

(see Theorem |5.6| ). 

By |6]9|(iii), using the decomposition 

W(s) = W s (s)+R (s)+R 1 (s) 

and our assumption n(W$) > 1 + rkT — r, we obtain that fi(W) = /x(-Ro) = 
rkT — r. 

By |6.16 , the linear forms 



Us) 

h m ,j(s) := l m (s + Zj ■ 7) = l m (s) - 77-rZ m (7) 

l Al) 

and the analytic in the domain U (7) functions 

Res z=Zj W(s + 2-7), Res 2=2iJ R (s + z ■ 7) 
descend to Vc- For any j 6 {1, . . . ,pi}, let us denote 



G;00= II h n7A*)- 
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It is clear that 

Qf (s) • Res z=Zj W(s + z ■ 7) and Qf (s) • Res z=Zj R (s + 2-7) 
are analytic at and $(s) divides each Qj(s). So we obtain that 

pi ( pi \ pi 

W(s) J] Qf(s) = W s (s) +2m-J2 Res z=Zj W(s + z ■ 7) Uj Q^(s) 

and 

pi / pi \ pi 

^o(s) n ( s ) = • e Res -^ ^o(s + * • 7) n ( s ) 

i=i V j"=i / j=i 

are analytic at 0. 

Define the set {/i(s), . . . , i g (s)} as a subset of pairwise coprime elements 
in the set of homogeneous linear forms {h m j(s)} (m G {l,...,p}, j G 
{1, . . . ,Pi}) such that there exist positive integers ni,...,n q and a repre- 
sentation of the meromorphic functions W(s) and -Ro( s ) as quotients 



where -P(s) is analytic at 0, -Po( s ) is a homogeneous polynomial and none 
of the forms h(s), . . . ,l q (s) vanishes for s G R> (the last property can be 
achieved, because both functions W(s) and Rq(s) are analytic in U). 
Define 

p 1 (s) = (^(s)+i? 1 (s)).n^( S ). 

J'=l 

Then 

P(s) = P (s) + A(s) 

where -Po( s ) is a homogeneous polynomial and Pi(s) is an analytic at func- 
tion such that /i(-P) = A*(-Po) < A*(A) an d 

Po(s) =2m-C(W)-XjJ${a)). 



m =1 /?(s) 
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7 Main theorem 



Let us set 

We(s) := ^e(<^s + <pv) = Zv{s x + 1, . . . , s r + 1). 
By Theorem |4.2| , Ws(s) is an analytic function in the domain Re(s) E R>o- 

Theorem 7.1 T/ie analytic function Ws(s) is good with respect to the lattice 
M G C PL(Tj) g = Z r . 



Proof. By Theorem [4.4|, we have the following integral representation for 
-Zs(s) in the domain Re(s) E R> 2 



(27r) i 6 5 (T) J(T(A K )/T(K))* 

We need only to consider characters % which are trivial on the maximal com- 
pact subgroup K r C T 1 (A^), because for all other characters the Fourier 
transform Hs{Xi ~ s ) vanishes. Choosing a non-canonical splitting of charac- 
ters corresponding to some splitting of the sequence 

- T\A K ) - T(A K ) - T{A K )/T\A K ) - 

we obtain 

^s(s) = , rrr / ^ / H^(x, s)dXl 

(2tt)*6 5 (T) J{t{a k )/t\a k )Y J{tha k )/t(k)y 

We have an isomorphism ~ (T(A^)/T 1 (A^))* and the measure c?Xy 
coincides with the usual Lebesgue measure on M^. Recall that a character 
X E (T(Ak)/T(K))* defines r Hecke characters xi, Xr of the idele groups 
G m (Ajf j ). In particular, we get r characters xi i3/ , Xr,y We have an em- 
bedding M G C PL(S) G , which together with explicit formulas for Fourier 
transforms of local heights shows that the integral 

Ae(b,x v ) := -t-tt^ [ w , „ #e(x,-(s + l))dXi 

6 S (T) J(THA K )/T(K))* 

is a function on PL(E)^ and we have 

^s(s, Xy) = A^(s + iy) = Ax(s x + iy x , s r + iy r ). 
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Denote by T := M the lattice of i^-rational characters of T. Let t be 
the rank of T. The case t = corresponds to an anisotropic torus T. It has 
been considered already in So we assume t > 0. 

For any element 7 G T C Z r we denote by £(7) the number of its co- 
ordinates which are zero (0 < £(7) < r). Let l(T) be the minimum of £(7) 
among 7 G T. Notice that Z(r) < r — t — 1. Indeed, if we had l(T) > r — t, 
then M G would be contained in the intersection of r — t linear coordinate 
hyperplanes Sj = (the latter contradicts the condition flR> = 0). We 
can always choose a Z-basis 7 1 , . . . , 7* of T in such a way that l(T) = /(7 U ) 
(u = 1, . . . ,t). Without loss of generality we assume that T is contained in 
the intersection of coordinate hyperplanes Sj = 0, j E {1, . . . , £(T)}. We set 

1(F) 

$(s) := J] s s . 

For any u <t we define a subgroup rW cT of rank u as 

r<«) :=0Z< 7j >. 
i=i 

We introduce some auxiliary functions 

W^\s)= / (u) A E (s + iy(«))dyW 

where dy^ is the induced measure on } C PL(E)g. Denote = 
C7r^. We prove by induction that W^\s) is good with respect to C 
Z r . 

By ^4.6| , w| i (s) is an analytic function in the domain Re(s) e R>o- 
There exist 5±, ...,5t > such that the integral 

/ $(s) ■ iy| u_1) (s + z-7 u )dz 

JRe(2)=<5„ 

converges absolutely and uniformly in an open neighborhood of 0. This can 
be seen as follows: For any e with < e < 1/rd', where d' = dimMR, >00 , 
we can choose a ball B ei C R of radius e\ around such that for any ball 
B e , 2 C B ei of radius ti (0 < ti < e\) around we can uniformly bound the 
Hecke L-functions L^Jsj + 1, Xj) appearing in H-^iXi s ) by 

9(e 2 )(||y(x,)ll + |Im( Sj )l + l) £ 
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with some constants Cjfa) for all s in the domain Re(sj) G B ei \B e2 for j = 
1, ...,r (see |B~2|) . By fil| this assures the absolute and uniform convergence 
of the integral 

for all s contained in a compact in C r such that Re(sj) G B ei \B E2 for j = 
1, ...r. We know that the coordinates 7" of the vectors 7 n = (7", ...,7") G Z r 
are not equal to zero for l(T) < j < r. Therefore, we can now choose such 
real 5 U > that 5u7" are all contained in the open ball B ei . So there must 
exist some e 2 > such that 5 U ^ G" B e2 for all u = 1, t and all l(T) < j < r. 
It follows that there exists an open neighborhood of 0, such that for all s 
contained in this neighborhood we have Re(sj + 5 u -y^) G B ei \B e2 for all 
l(T) < j < r. Since we remove the remaining poles by multiplying with $(s) 
we obtain the absolute and uniform convergence of W^\s) to a holomorphic 
function in s in this neighborhood. 

Moreover, the multiplicity of the meromorphic function 

Wg\s) := f Wt l \s + z-lu)dz 

JRc(z)=S u 

at is at least l + rkT-r>l+rk - r. 

We apply Theorem |6.17| . The property (iii) follows from estimates |T3 



and |4~6| . This concludes the proof. 

□ 

Theorem 7.2 Denote by Hz^six, ~ s ) the multiplicative Fourier transform 



of the height function with respect to the measure ujq^s (see 2.k ). The prin- 
cipal coefficient C(S) of 

Av(s) = — !— / Hs )S (xi, s)dxi 

b S (T) J(Tl(A K /T{K)K T )* 

at si — ... — s r — 1 is equal to /3(Pe)tk;(P s ) . 

Proof. We follow closely the exposition of the proof of theorem 3.4.6 in 
M. Since M G ■=— > PL(T,) G we have an embedding of characters 

(T(A K )/T\A K )T = Mg^ n(G m (A^)/G^(A^))*. 

i=i 
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Recall that the kernel of 



a* : (T(A K )/T(A K ))* ^H(G m (A Kj )/G m (A Kj ))* 

i=i 



is dual to the obstruction group to weak approximation A(T) = T(A K ) /T(K). 
We have a splitting 

T(K)=T(K) s xT(A K , s ). 



Here we denoted by T{K) S the image of T{K) in lives T(K V ) and T(Ak,s) — 
T(A K ) fl l\ v £s T(K V ). The pole of the highest order r of Hx,s{Xh ~~ s ) a ^ 
Si = ... = s r = 1 appears from characters x« such that the corresponding 
Xi, ■■■,Xr are trivial characters of the groups G m (A^: j .)/G m (i ; C ; ), i.e., xi is a 
character of the finite group A(T) = l\ veS T(K v ) /T(K) s , and is trivial on 
the group T(A K>S ). 

For s G we can again apply the Poisson formula to A(T). By |1.18 
the order of A(T) equals /3(P-£)/i(T). We obtain 



7-77^7 2^ Hv jS (xi, -s) = ———— H B (x, -s)u n ,s 



see 



,18| ). We restrict to the line Sx — ... — s r — s and we want to compute 



the limit 

lim(s - l) r / H s (x, -s)u n ,s- 

We have 

/ H%(x, —s)ujqs — (1) 

JT(K) 

= / TT H ^A x v, -8)% ■ TT / H ^ v (x v , -s)d[i v 

(recall that u?o )t) = llveVairin an d ^« = E/K)ujq )V for all t> and 

L V (1,T;E/K) = 1 for t> G 5). 

From our calculations of the Fourier transform of local height functions 
for v G" S (I3.10Q , we have 

IT / H^ v (x v , -s)dfi v = (2) 
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= L s (s, T; E/K) ■ L s (s, T NS ; E/K) [] Q^q~\ q~ s ). 

By 13, 

IJ Qv(q v ', ■ ■ ■ , q v s ) 
is an absolutely convergent Euler product for s = 1. Moreover, the limits 

lim(s-iyLs(s,T;E/K) 

\im(s-l)^L s (s,T NS ;E/K) 

s— »1 

exist and equal the non-zero constants ls(T) and /^(Ps) (r = t + k). By 

/ II H xA x v, - s )^n,v 

Jt (k) s 

is absolutely convergent for s± —, , , — s r — 1. Using (P and (@), we obtain: 



3.11 



lim(s - l) r / Hs(x, -s)u n ,s = (3) 

/ n h z,v( x v, -s)^n,« ■ n Qsig^ 1 , . . . ^y 1 )- 

Jt(k)c . a A wT, 



Now recall ( |3.10| ), that for v ^ 5 we have 

gsfe- 1 ,...^- 1 ) = / L^{l,T NS -E/K)H^ v {x v ,-l)un, v . 

JT(K V ) 

It was proved in 0j Proposition 3.4.4 that the restriction of the f-adic mea- 
sure ujc,v to T(K V ) C Ps(i^i,) coincides with the measure 

H S)V (x, -l)u n>v . 

Here /C is the canonical sheaf on the toric variety Ps metrized as above. 
We also have 

/ n h v,v( x *» _i ) £<; n,ij = / n ( 4 ) 

Jt (k) s tes Jt (k) s is 
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Using the splitting T(K) = T(K) S x T(Ak,s) an d multiplying the above 
equations we get 

/ ^k,s= : I -v.r • ] : / L~ l (l,T NS ;E/K)u,c, v . 

Jt(k) Jt(k) s ^ l s CesMKv) 

On the other hand, it was proved in 0] Proposition 3.4.5 that we have 
/ ujc,s = / u K s = &s(Ps). 

JT(K) JPv(K) 

Therefore, 

& 5 (pe)= /_ n fl =( aj .-^)^-n^(« B " i .---.« B " 1 )- 

JT ( K >s ves v$s 
Collecting terms, we obtain 

rm) - ^ ls{T) b (p ) 



By QAi and 2Jj , we have the following equality 

i(T)b s (T) = h(T)l s (T). 

It remains to notice that we have an exact sequence of lattices 

-> M G -> PL(S) G -> Pic(P E ) -> ^(G, M) -> 

and that the number /z(T) = ji/^G, M)| appears in the integral formula 
for the ^-function of the cone A c fj C Pic(Ps). We apply Theorem 5J3 and 
obtain that 

w ' E(s) =(^(T)4^ (s+!y)dy 

is good with respect to the lattice M G and that 

C(E) = /?(P e )tjc(P e ) 
is the principal coefficient of W^(s) at 0. □ 
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Theorem 7.3 There exists a 5 > such that the height zeta-function Cs(s) 
obtained by restiction of the zeta-function -Zs(s) to the complex line Sj = 
(p(ej) = s for all j = 1, r has a representation of the form 

gg) g(s) 



!)* ( s -l)fc-i 

with k = r — t = rkPic(Ps) and some holomorphic function g{s) in the 
domain Re(s) > 1 — 5. Moreover, we have 

9(E) = a(P s )/3(P s )r^(P s ). 

Proof. Since Ws(s) is good with respect to the lattice M G C Z r , we have 
the following representation of We(s) in a small open neighborhood of 0: 

^oo= p( : } 

where P(s) = P (s) + Pi(s), //(Pi) > //(P ) and 

= /5(P S )r^(P s ) • ^ Aeff (^(s)), 

where is the ^-function of the cone A e f- = ^(R^q) C Pic(P s ) R . 
If we restrict 

iE=i£'00 

to the line Sj — s — 1 (j — 1, . . . , r), then we get the meromorphic function 
0(s — l) _fe with = o;(Ps)/3(Ps)t^(Ps)- Moreover, the order of the pole 
at s = 1 of the restriction of 

A(s) 



to the line Sj — s — 1 (j — 1, . . . , r) is less than fc. Therefore, this restriction 
can be written as g(s)/(s — l) fe_1 for some analytic at s = 1 function g(s). 
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Corollary 7.4 Let T be an algebraic torus and Ps its smooth projective 
compactification. Let k be the rank of Pic(Ps). Then the number of ir- 
rational points x G T(K) having the anticanonical height H K -i(x) < B has 
the asymptotic 

N(T, K~\ B) = . B{ i og B f-\l + o(l)), B -> oo. 

Proof. We apply a Tauberian theorem to Cs( s )- 1=1 
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